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SUMMARY 
The purpose of this investigation was to demonstrate the applica-
bility of analog computer techniques to the solution of microwave antenna 
beam-shaping problems. A description and an analysis of a method for 
obtaining a microwave reflecting surface for the purpose of achieving a 
desired antenna beam shape is given. This method utilizes an analog 
computer as a tool for completing a key step in the process. 
Far-field radiation patterns of microwave antennas are described 
by an integral of the form 
.2* , t r
a .2* . c 
f(yjed K cos G dy + I f(y)ed X cos y dy; 
J-& 
for antennas where beam-shaping is restricted to narrow angular regions 
this may be further simplified to an integral of the form 
f a 2jt 
W) = I TU)eJ-X Sin 9 dy. 
J-a 
Analog computers which will solve these integral equations are 
described. The computer wh,ich will solve the more general relation has 
not been constructed. The computer which will solve the narrow beam ap-
proximation is in existence at the Engineering Experiment Station of the 
Georgia Institute of Technology and it was used to demonstrate the appli-
cability of the method. The function T(y) describes the distribution of 
energy (amplitude and phase) in the antenna aperture. When fed f(y) as 
data, these computers will calculate the far-field radiation pattern A(0). 
Vlll 
For a given beam-shaping problem the amplitude of the aperture energy 
distribution and the desired far-field radiation pattern are known. 
The known amplitude function and a series of trial phase functions are 
fed into the computer as data. The required phase function is then 
taken as the one which yields an acceptable far-field pattern. The re-
quired microwave reflecting surface is found from the phase function 
by utilizing a geometrical, optics approximation. 
The existing computer is employed in the solution of a problem 
consisting of the design and construction of a shaped-beam antenna 
which is a section of a parabolic cylinder with a beam-shaping surface 
attached at its lower extremity. Excellent correlation was obtained 
between the desired beam shape and the experimentally measured beam 
shape. In addition^ a deviation of no more than 0.04- per cent of the 
peak intensity was observed over the beam shaping region between the 
calculated and experimental radiation patterns for this antenna, 
CHAPTER I 
INTRODUCTION 
The Problem.--In practical microwave antenna problems, it is often desir-
able to shape the far-field radiation pattern to accomplish specific ob-
jectives. Herein is described a novel technique for obtaining a microwave 
reflecting surface, based on an aperture-field method (l)*", which will 
yield a far-field pattern of predicted shape when used in conjunction 
with the proper primary feed. This method is readily applicable to modi-
fying parabolic cylinder reflectors; it can also be used for modifying 
paraboloids of revolution such as barrel- and shovel-reflectors. This 
method is based on the approximation that any planar aperture can be 
analyzed in terms of a succession of equivalent slit apertures. 
History.--The highly directive beams attainable with microwave antennas 
are utilized to achieve a large antenna gain and a high degree of angu-
lar target resolution. The exploration of wide angular regions with 
such sharp beams requires a complex scanning operation in which scan 
time becomes a limiting factor. This problem is greatly simplified if 
the required scanning is limited to only one plane; then the coverage of 
the required angular region can be accomplished by merely "fanning" the 
beam. Thus scanning could be achieved by the use of a simple fan beam; 
however,, this would usually result in a waste of power and unequal illumi-
^Numbers in parenthesis refer to the bibliography. 
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nation of targets located in different angular directions. To overcome 
these limitations it is necessary to impose on the beam, by special de-
sign techniques, some shape not characteristic of the normal diffraction 
lobe. The beam shape most often required is one that will illuminate 
identical targets located at various ranges in the same azimuth plane 
so that their received echo signals will be of equal magnitude. A esc2 6 
distribution of power in the far-field will accomplish this (2), where G 
is the angle between a normal to the aperture and the far-field direction 
in question. 
Numerous methods have been employed in attempting to produce a 
beam which is flared asymmetrically in either the E- or H-plane and which 
has pencil beam characteristics in the transverse plane. Most of these 
are rather crude cut-and-try techniques; only one, which is a technique 
for modifying parabolic cylinder reflectors* described by L. J. Ghu (k), 
is comparable with the method which is being described here. Chu's 
method is based on the energy-balance principle of geometrical optics 
and mathematically specifies the manner in which the reflector must be 
curved in order that the energy incident on each element of surface is 
reflected in the desired direction. The essential requirement of this 
technique is that there should be a one-to-one correspondence between 
each point on the aperture and each direction in the far-field radiation 
pattern. If this requirement is fulfilled, the power fed into a certain 
length of aperture can be equated to the power radiated into a certain 
far-field angular range. 
^Extended to doubly-curved surfaces by Silver (see reference 
number 3)« 
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The Method.--It is shown in Chapter II that the far-field radiation 
pattern, A(0)f of a microwave antenna can be expressed in terms of (a) 
its aperture energy distribution function f (y), (b) the angle 6 between 
a normal to the aperture and the far-field point in question, and (c) 
the angle 7 between a normal to the aperture and the direction of energy 
flow at each point on the aperture. Thus A(0) is given by 
r •£« • B r -2* • „ 
Ale") = I f(y)eJT s i n ecos e ay + I fTyV~ s i n ecos 7 ay. (1) 
J-& J-a. 
Chapter II also shows that, for antennas where beam-shaping is restricted 
to narrow angular regions, Equation 1 can be further simplified to 
m) = 2 f T ? ) e J T S i n 0 dy. (2) 
Analog techniques which may be used to solve Equation 1 are dis-
cussed in Chapter III. In addition an existing analog computer, which 
will solve the narrow beam approximation (Equation 2), is described. 
In Chapter IV the method of solution which is particular to this 
dissertation is described. It is seen that the operation of the method 
is facilitated by the use of analog computer techniques, such as those 
described in Chapter III, for solving Equations 1 and 2. A desired 
radiation pattern A(0), having been assumed, analog techniques are then 
used to find the aperture energy distribution function, f(y), by em-
ploying a converging cut-and-try method. The required reflecting sur-
*The superscribed bar will be employed to designate a complex 
quantity, 
It-
face is then found from the aperture phase function utilizing the Ellip-
tic Intersection Method (5), which involves a geometrical-optics approxi-
mation. 
• Experimental verification of the method is given in Chapter V 
where the ideal, predicted, and experimental radiation patterns for one 
specific problem are compared. 
Comparison with Chu's Method.--Chu's method has one great weakness in 
that it ignores diffraction effects and hence gives no fine pattern de-
tail. This is a deficiency which is inherent in any method based en-
tirely on geometrical optics. Chu suggests that one should calculate 
the scattered field from the antenna, using the current-distribution 
method, to ascertain that diffraction effects do not render a solution 
useless. This is a long and tedious process which must be accomplished 
practically with digital computer equipment. 
It is here that the present method is superior; the amplitude and 
phase of the aperture illumination function can be put into an analog 
antenna computer as data. The far-field pattern can then be determined 
automatically by the computer and recorded (in decibels) on an antenna 
pattern recorder. Detailed patterns can thus be obtained, subsequent to 
the alignment of the computer, in approximately 15 minutes. 
CHAPTER II 
DERIVATION OF RELATIONS BETWEEN APERTURE-FIELD 
AND FAR-FIELD 
Derivation of the General Relation.--The electromagnetic field due to 
diffraction through a large planar aperture of arbitrary shape is des-
cribed (6) by the scalar equation 
A - h / F(x,y)e^*,y) ^ | 
^S 
where: 
A is the scalar diffrac 
(jk + -) rz-r*+ jki^-s' as, (3) 
right hemisphere. 
F(x,y) is the amplitude distribution of the field over the aper-
ture S. 
\|r(x,y) is the phase of the field over the aperture. 
, . 2* k is — . 
A. 
X is the wavelength of the radiated energy. 
r, i , R, and s are unit vectors _, the direction of s being the 
direction of power flow at a point x; y of the aperture; 
directions of the remaining vectors are given in Figure 1 
If P is sufficiently far from the aperture (in the far-field), 
the following simplifying assumptions can be made: 
1. The distance r, except in the phase term e , can be re-
placed by R, the distance from the field point to the origin, 
Figure 1. Aperture and Diffraction-Field Geometry 
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2. The term — can be neglected in comparison with jk. 
~» —» 
3. The directions of r and R with respect to the Zr-axis can be 
considered equal, permitting i .r to be replaced by i «R = 
cos Q . 




j^(x,y) e~Jkr cos 0 + cos 7 dS. w 
It is shown In the following paragraphs that if the energy along 
all of the line elements parallel to the x-axis and dy in width, (see 
Figure 2) is summed with proper phase and amplitude and their resultant 
placed along the y-axis; then the far-field distribution of energy in 
the yz-plane is identical to that produced by the original aperture. 
If P is constrained to move in the yz-plane in a circular path 
of large radius about the origin, the distances to P from all elements 
of the aperture with identical y-coordinates are equal, as can be seen 
from Figure 2. This distance is given by 
r = R - y sin 9 . (5 
Substitution of this into Equation k gives 
* - sfe ^ jky sin 6 
*2(y) 
Xj_(y) 
X cos 0 + cos 7 dy. 
This may be rewritten as 
F(x,y) dx (6) 
To P 
yz-plane) 
Figure 2. Aperture and Far-Zone Diffraction-Field Geometry 
A - -i- e"JkR A ~ 2?^ e 
y, 
jky sin 6 
x2(y) 
F (x, y) dx > cos 6 dy 
Ti x2(y) 
y, 
jky sin 0 
e 
x2(y) 
F~(x,y) dx > cos j dy 
y i '^x1(y) 
where x 3 x } y _, and y are the x and y limits of the aperture and 
where F[x~,y) = F(x,y)e^x,y'. 
If the origin is located at the center of the aperture in the y-
direction, Equation 7 c a n 1°e written 
»a p a 









u is k sin 9, 
a is the half length of the aperture _, and 
A(u) is normalized. 
- ikR 
Dropping the constant phase term e is equivalent to rotation of the 
phase reference through the angle -kR. 
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By the above procedure, any planar aperture for which Equation k 
holds can be reduced to an equivalent slit aperture for exploration of 
the far-zone radiation field in a plane which contains the slit and the 
z-axis with the aperture oriented as in Figure 2. The complete radiation 
pattern can be determined from a succession of such slits, obtained by 
progressively rotating the x- and y-axis about the z-axis while holding 
the aperture fixed. 
The Narrow Beam Approximation.--For a given aperture the narrowest 
possible beamwidth is obtained when the energy distribution over the 
aperture is constant in both amplitude and phase (7)« Thus if the beam-
shaping is confined to a narrow angular region near the z-axis, the 
phase over the aperture, \Kx,y), does not vary greatly and the terms 
cos 0 and cos y in Equation 8 can be replaced by unity. Equation 8 then 
becomes 
(10) 
Discussion of Approximations and Limitations.--The approximations con-
tained in the derivation of Equation 8 are the common far-field approxi-
mations and negligible error is incurred (8) as a result of them. Equa-
tion 8 is general and applicable to beam-shaping over wide angular 
regions. Discussed here are the approximations in going from the gen-
eral relation (Equation 8) to the narrow beam approximation (Equation 
10). 
The cos 9 term, contained in the first integral of Equation 8, is 
an obliquity factor and it accounts for the apparent fore-shortening of 
11 
tie aperture when it is viewed from wide angles. This term merely re-
duces j f(y)(for calculation of far-field points other than in the 0 - 0 
direction, In the second integral of Equation 8 the direction of energy 
flow along the aperture is accounted for by the cos y term, it is equal 
to its maximum value of 1 at all aperture points except those which con-
tribute to "beam-shaping; [f(y)j is reduced in these regions by cos y. 
There is no sharp dividing line which separates problems in which 
Equation 10 may be used from those in which Equation 8 must be used. 
Each, problem must be examined on its own merit realizing that,, in the 
transitional region,, the allowable deviation from, the desired beam-
shape is the greatest single controlling factor in the application of 
these equations. Results have indicated that the shape of the far-field 
pattern is relatively insensitive to small variations in the aperture 
amplitude function^ and that Equation 10 may usually be used if beam-
shaping is confined to angles not greater than 30°° 
CHAPTER III 
ANALOG TECHNIQUES 
It has been shown (9) that analog computer techniques are especi-
ally applicable to the solution of microwave antenna design problems. A 
description of a possible computer for the solution of the general rela-
tion between the aperture-field and the far-field is given. An existing 
computer (lO) which solves the narrow beam aperture -field _, far-field 
approximation is also described. 
A Possible Computer for the General Relation.--This computer would deter-
mine the absolute value ? A(u)., of the integral 
Pa n& 
Â u*) - I fTy)e,jUy cos 9 dy + I f^Oe^ 7 cos 7 dy. (ll) 
-̂a J-& 
The factors of Equation 11 are simulated in the computer by electrical 
or mechanical analogs to obtain voltages which are proportional to A(u)„ 
Since A(u) can vary over wide limits in practical problems, the solution 
is recorded in decibels below the maximum value of A(u). Values for 
A(u) are obtained at discrete values of u which are spaced at small 
enough intervals that the solution does not vary greatly between succes-
sive computed values. Therefore, the envelope of the computed values 
closely approximates the required solution. A block diagram of the pro-
posed computer is shown in Figure 3- This computer evaluates the inte-
grals of Equation 11 sequentially; the timing diagram shown in Figure h 




X = /f(y)cos0cos0(y)dy - /f (y)cos7cos0(y)dyj 
a i -a 
"f(y) {f(y)cos7 
Inverter 
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Figure 3« Proposed Computer 
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Figure K. Timing Diagram, and Plot of uy ."During Integration Period 
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of A(u) for one angular far-field direction. The first integral is com-
puted during the first half of the integration period and stored; then 
the second integral is computed, added to the first, and read-out to the 
recorder. The integrators are then reset, the parameter u is changed to 
a value u + Au and the next value of A(u) is computed. It is seen in 
Figure 3 that the slope of the uy function is reversed for the evalua-
tion of the second integral; this allows the first integral to be inte-
grated from the lower to the upper aperture extremity, and the second 
integral to be integrated from the upper to the lower extremity of the 
aperture. The function uy is simulated in the computer by an integrator 
with a constant voltage input which is proportional to u; the above 
procedure eliminates the necessity for resetting the uy integrator after 
the evaluation of the first integral, 
Integration in the manner outlined above allows Equation 11 to be 
rewritten as 
A(u) = I f[y)e^uy cos 0 dy - I ¥[y)e^UJ coa y dy, (12 
which can be written 
>a 
A~[u) = I f(y)e^ y^ cos 0 dy - f ( y ) ^ y ' cos 7 &J, (13) 
where 0(y) = uy + i|r(y), an(i where f[y) =: f(y)e . In rectangul 
form this becomes 
ar 
16 
•a p a 
ATTT) = I f(y) cos 0 cos 0{y) dy + j I f(y) cos 0 sin 0(y) dy (l4) 
-a ^-a 
-̂a /-»-a 
f(y) cos 7 cos 0(y) dy - j I f(y) cos y sin 0(y) dy. 
a ^ a 
The angle 7 between a normal to the aperture and the direction 
of the Poynting vector at any point of the aperture must be calculated 
prior to any computation from 
7 = tan"1 (|p. (15) 
The amplitude and phase function generators consist of split 
rotating wooden cylinders on which the required functions are placed 
with wire. The functions f(y) and i|f(y) are placed on corresponding 
halves of the amplitude and phase cylinders. The functions f(y) cos 7 
and i|r(y) are placed on the remaining halves of the two drums. 
Referring to Equation 1^ and to Figure h, a step-by-step account 
of the sequence of events which transpires during the computation of 
A(u) for one particular far-field direction is given below. 
During the first half of the integration period the circuits in-
dicated by solid lines (Figure 3) a^e active, during the second half of 
the integration period the alternate circuits indicated by dashed lines 
are activated. 
I. The First Half of the Integration Period 
(a) Voltages proportional to the functions f(y) and i|r(y) are read 
into the computer. 
IT 
(t>) The voltage proportional to f(y) is fed into a sine-cosine 
potentiometer and a voltage proportional to f(y) cos Q is taken 
off. 
(c) The voltage proportional to \|r(y) an^ a voltage proportional to 
uy are fed into a summation circuit and a voltage proportional 
to 0(y) is taken off. 
(d) The voltages proportional to f(y) cos 6 and 0(y) are fed to a 
resolver and voltages proportional to f(y) cos 0 cos 0(y) and 
f(y) cos 9 sin 0(y) are obtained. 
(e) These voltages are fed to separate integrators and voltages 
proportional to the integrals /f(y) cos G cos 0(y) dy and 
/f(y) cos 0 sin 0(y) dy are stored in the integrators. 
II. The Second Half of the Integration Period. 
(a) Voltages proportional to f(y) cos y and ty(y) are read into the 
computer. 
(b) The voltages proportional to f(y) cos y is fed into an inverter 
and a voltage proportional to -f(y) cos y is obtained. 
(c) Again the voltage proportional to \|r(y) an(^ a voltage proportion-
al to uy are fed to a summation circuit and a voltage propor-
tional to 0(y) taken off. 
(d) Voltages proportional to -f(y) cos y and 0(y) are fed to a re-
solver and voltages proportional to -f(y) cos y cos 0(y) and 
-f(y) cos 7 sin 0(y) are obtained. 
(e) These voltages are fed into separate integrators and integrated. 
(f) At the end of the second half of the integration period voltages 
proportional to /f(y) cos 9 cos 0(y) dy - /f(y) cos y cos 0(y) dy 
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and Nf(y) cos Q sin 0(j) - /f(y) cos y sin 0(y) | are stored in 
the integrators. These voltages are fed to the quadrature sum-
mation circuit where they are displaced in phase 90°an(i summed, 
(g) This voltage which is proportional to Alu} is then plotted on 
an antenna pattern recorder in decibels 0 
The outputs of the real and imaginary integrators of this computer 
are connected to the x and y axes respectively of an oscilloscope as 
shown in Figure 3. When an oscilloscope of fairly long persistence is 
used this arrangement yields an instantaneous visual picture of the 
Fraunhofer spiral* for each far-field angular direction 6 . 
In addition a marker generator is provided as an aid for deter-
mining the portion of the aperture phase function^ ty(y), which is main-
ly responsible for the energy contributions in each far-field direction. 
This marker generator provides a voltage pulse which can be made coin-
cident with any desired point on the phase function generating drum. 
The voltage pulse is utilized to modulate the z-axis of the oscilloscope 
and thus provides a bright spot which can be positioned to any desired 
portion of the oscilloscope presentation. When the marker is positioned 
to the relatively straight portion of the Fraunhofer spiral (which 
corresponds to that portion of the aperture from which energy arrives 
at the field point under consideration with small phase differences) it 
will indicate the portion of the aperture which is mainly responsible 
*The phasor summation of energy contributions from all elements 
of an aperture to a particular far-field point. These curves9 which are 
known as vibration curves in optics <» have been termed "Fraunhofer spirals' 
by personnel of the Georgia Institute of Technology because they describe 
the radiation characteristics of an antenna in the Fraunhofer (far-field) 
region. 
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for the magnitude of the far-field radiation pattern at that particular 
field point. This allows one to calibrate the computer solution in 
terms of the phase function which produced it. 
The Existing Computer.--This computer determines the absolute value A(u) 
of the integral 
ra 
(17) 
which can be written 
^ V Y . (18' flyjeu^w -dy 
where 0(y) - uy + \|/(y)^ and F[~y) - f ( y ) e . In r e c t a n g u l a r forrn^ 
the i n t e g r a l becomes 
A(u) = I f ( y ) cos 0(y) dy + j J f ( y ) s i n 0 (y ) dy0 (19; 
-a 
A block diagram of this computer is shown in Figure 5; circuit operations 
are indicated on the diagram„ The function generating cylinders are not 
split and only one function is placed on each drum, 
y=-a 
f(y) 













f(y)sin0(y) | / 
K - /f(y)sin0(yjdy 
u. advance 
Figure 5 ° Existing Computer 
CHAPTER IV 
METHOD OF SOLUTION 
Assuming that the necessary analog computer equipment is avail-
able, this method of finding a microwave reflecting surface for beam-
shaping is equally applicable to the general relation between the 
aperture-field and far-field (Equation 8) and to the narrow beam approxi-
mation (Equation 10). The experimental evidence offered in Chapter V is 
a problem solution in which the narrow beam approximation was applicable; 
for this reason the discussion of the method of solution in this chapter 
is in terms of the narrow beam approximation. It should be remembered, 
however, that this implies no limitation of the method. 
The narrow beam approximation is given by 
ra 
Al^)=K f(y) eJL^++^)Jdy, (20) 
^-a 
where uy + \|r(y) = 0{y) • The phase function uy is the ordinary phase 
function which results in the diffraction phenomenon, \|r(y) is the aper-
ture phase function which can be controlled by the shape of the reflec-
tor surface. 
It can be shown from Equation 20 that, if it is desired to prevent 
a pattern from "lobing out" in a particular region, it is necessary to 
produce an aperture phase function t(y) which decreases the rate of 
22 
change of 0(y) in that region. In this chapter a method for finding a 
microwave reflecting surface which will cause 0{j) to vary in a desired 
and a predictable fashion is described, 
The Far-Field Pattern.--Usually the given specification of a beam-shaping 
problem is the required shape of the far-field pattern. Given this shape; 
the problem is to find a microwave reflecting surface which will physi-
cally produce this distribution of energy in the far-field. 
An ideal shaped-beam pattern would conform smoothly to the desired 
pattern inside the region of interest and decrease discontinuously to 
zero outside the region of interest. This pattern cannot be obtained 
practically because diffraction causes fluctuations of the pattern shape 
in the shaped-beam region and because an aperture of infinite dimensions 
would be required to cause a pattern to decrease to zero discontinuously. 
As an engineering compromise the beam-shaping surface is normally at-
tached to either the upper or lower extremity of a pencil-beam-forming 
parabolic surface. This parabolic section causes the energy level to 
decrease more rapidly outside the region of interest than would the 
beam-shaping section alone. The amplitude of the aperture illumination 
function at the edge of the aperture opposite to the beam-shaping sec-
tion control the magnitude of the fluctuations in the shaped-beam 
region of the pattern (see Appendix i). A small, amplitude at this edge 
causes a small fluctuation and a larger amplitude causes larger fluctua-
tions in the pattern. 
In Figure 6 the superposition of patterns from a beam-shaping 




Figure 6„ The Structure of a Shaped-Beam Pattern 
2k 
The Amplitude Illumination Function 
The aperture illumination function, f(y) = f(y)e , describes 
the distribution of energy in the aperture with regard to amplitude and 
phase. When given this function as data, the analog computing equip-
ment described in Chapter III calculates the resulting far-field pattern. 
This section describes the techniques employed in obtaining the ampli-
tude and phase of the aperture illumination function, 
The Amplitude Function.--The amplitude of the illumination function Is 
obtained by modifying the amplitude of the primary-feed radiation pattern 
by a factor of j/vp (ll)j where p is the distance from the center of 
phase of the primary feed to the reflector surfacea The square-root of 
p is used because all problems are two dimensional when using this 
method. 
At the beginning of a problem,, the exact position of the beam-
shaping surface is not known and therefore the exact amplitude of the 
illumination function cannot be found. It has been shown (l2), by em-
ploying near-zone analog computing equipment, that the method outlined 
below for finding the amplitude function is sufficiently accurate for 
most purposes. 
To illustrate this methodf consider Figure 7 which depicts a 
beam-shaping surface AB attached to the lower extremity of a pencil-
beam-forming parabolic section at point A, The amplitude function is 
first calculated by assuming that the entire surface is parabolic, as 
indicated by the dashed curve, with aperture limits of y and y , The 
aperture is then elongated until it contains the extreme ray of interest, 
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Figure 7- On the Method of Obtaining the Amplitude and Phase of 




aperture described by the aperture limits y' and y ; but the power 
level contributed by the beam-shaping surface is lowered so that P = P 
in Figure 7-
The Phase Function.--Since microwave antennas lend themselves, to a 
first order of approximation, to analysis by geometrical optics, the 
general shape of the phase of the illumination function is known. For 
the case of Figure 7 "the energy from the beam-shaping surface is directed 
downward below the peak of the beam. To accomplish this the energy from 
the beam-shaping surface must lag, in phase, the energy from the pencil-
beam-forming surface. A typical phase function for this situation is 
shown in Figure 7- Conversely, if energy from the beam-shaping surface 
is to be directed upward above the beam peak it must lead, in phase, the 
energy from the pencil-beam-forming surface. 
It is also known that relatively small phase changes are required 
over the beam-shaping aperture in order to shape the far-field pattern 
over narrow angular regions and that larger phase changes are required 
for shaping over wider angular regions. 
Thus, the required phase function is obtained in the following 
manner: 
(a) With proper regard to the properties outlined in the preced-
ing paragraphs, a phase function is assumed. 
(b) This phase function and the amplitude function, which is 
found by the process described in the preceding section, are 
fed into the analog computer as data, 
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(c) The computer then plots the far-field radiation pattern 
which results from this aperture energy distribution. 
(d) At the same time that the resulting radiation pattern is "be-
ing plotted, the marker generator in the computer is utilized 
to calibrate the pattern's angular scale (as described in 
Chapter III) so that the portion of the aperture which con-
tributes energy into each far-field direction is known. 
(e) The resulting pattern will deviate from the desired beam-
shape; in some regions the energy level will be too high 
and in others it will be too low. To alter the energy level 
in a particular far-field direction^ it is merely necessary 
to observe (from the calibration of part d above) which por-
tion of the phase function is causing energy to be propagated 
in the direction under consideration. Then to raise the 
energy level, the slope of the phase function in the region 
of the aperture which is contributing energy in this direc-
tion is maintained over a larger portion of the aperture. 
To lower the energy level in this direction, the slope of the 
phase function in this region is maintained over a smaller 
portion of the aperture. 
(f) Using the criteria of part (e), the initial phase function 
is modified as necessary in all regions; thus, a new phase 
function is obtained. Then the entire process, beginning 
with part (b) is repeated. 
Experience has shown that a required phase function can be found in 
approximately three to four trials by a skilled operator, 
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The Elliptic Intersection Method of Obtaining a Beam-Shaping Surface.--
After the required phase function has been found,, the surface required 
to obtain this phase is then found by employing the Elliptic Intersection 
Method, The Elliptic Intersection Method is a geometrical optics approxi-
mation. Geometrical optics assumes thai, the amplitude and phase of the 
energy at a particular aperture point is derived from a single point on 
the surface of the reflector. This is not completely true since the 
amplitude and phase at any given aperture point is due to the integrated 
effect, with proper regard to amplitude and phase, of contributions from 
all portions of the reflector surface. This situation is illustrated in 
Figure 8 with a Cornu spiral. It can be shown that the angle 8 between 
the actual phase and the phase given by geometrical optics is negligible 
for the purposes here. 
The Elliptic Intersection Method is discussed in terms of a prob-
lem such as the one illustrated in Figure 7; the lower portion of this 
sketch is expanded and redrawn in Figure 9* The center of phase of the 
primary feed is located at point 0, the focus of the parabolic section. 
The phase at any point along the aperture is a function of the distance 
OP y ; the phase along the aperture described by the parabolic section 
is a constant and a function of the distance OAA1. Let the phase shift 
equivalent of OAA' be called £(A); then the required phase at any aper-
ture point, such as y, , can be expressed as i(y-, ) = £(A) + (3(y ) where 
\lr(y ) is the value of the aperture phase function at y „ Many elemen-
tal surfaces which will physically realize the required phase at each 
aperture point can be specified mathematically. 
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Figure 9- On the Elliptic Intersection Method 
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An ellipse with foci at point 0 and the aperture point in ques-
tion is particularly applicable for this purpose because the polar gene-
rator of an ellipse is constant in length. Therefore, if the polar 
generator has the proper phase shift equivalent, ty(y), f o r a particular 
aperture point, y, then every point on the elliptic surface described by 
this polar generator also has the proper phase at this aperture point, 
Consider an ellipse with foci at 0 and y. and a polar generator with a 
phase shift equivalent (distance in wavelengths) of ̂ (y, ) = £(A) + p(y ). 
For y = y + Ay = y , there exists an ellipse with foci 0 and y having 
a polar generator with a phase shift equivalent of ty(y ) = £(A) + p(yp). 
At aperture point y = y + Ay there exist still another ellipse having 
a polar generator with, a phase shift equivalent of iKyO = £(A) + (3(y„) 
etc. 
In this method the required microwave reflecting surface is taken 
as the locus of the intersection points of a number of ellipses such as 
those described in the preceding paragraph. The locus of these inter-
section points can be made sufficiently close to the required surface by 
choosing Ay sufficiently small. 
The phase shift £(A) + p(y ) determines the size of the ellipse; 
the size of the ellipse and the distance between foci determines the 
eccentricity with which the equation of the ellipse can be determined. 
(See Appendix II). 
Calculation of the intersection points is greatly facilitated by 
using digital computing equipment. 
CHAPTER V 
SAMPLE PROBLEM 
The Problem.--The problem which is employed to verify this method of 
beam-shaping is the design and construction of an antenna consisting 
of a section of a parabolic cylinder with a beam-shaping surface attached 
at its lower extremity (such as the one shown in Figure 7)- The beam-
shaping surface is to encompass approximately one-fourth of the total 
vertical dimension of the reflector. The radiation pattern of the an-
tenna, in the plane of shaping, is to have a modified esc 9 shape (as 
shown by the short dashed lines in Figure 15) out to an angle of fifteen 
times its half-power beamwidth. The side lobe suppression (on the side 
of the radiation pattern opposite to the shaped beam portion) is to be 
greater than 18 db below the peak intensity of the beam. 
The Solution of the Problem.--The primary feed horn was designed* and 
its radiation pattern was measured. The dimensions of the horn, in wave-
lengths are shown in Figure 10(a). The radiation pattern measured for 
this horn as constructed is shown in Figure 10(b). 
•̂ Normally the primary feed horn is designed prior to the begin-
ning of any beam-shaping calculations; it is possible, with sufficient 
experience, to assume a primary feed pattern and then to design a horn 
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Figure 10. The Dimensions and the Radiation Pattern of the Primary Feed 
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From the measured primary feed pattern the amplitude of the aper-
ture illumination function was derived using the technique outlined in 
Chapter IV. The amplitude function which was found is shown in Figure 
11j the dashed curve is the amplitude function which would result if 
the entire reflecting surface was parabolic. The solid curve shows the 
amplitude function which was used; it has been lengthened and lowered 
in the beam-shaping region to account for the apparent stretching of the 
aperture due to beam-shaping. 
In Figure 12 the phase of the aperture illumination function 
which was found "by the technique described in Chapter IV is shown. The 
amplitude of the aperture illumination function and the desired far-
field radiation pattern of the antenna under consideration are known. 
The known amplitude function and a series of trial phase functions were 
fed into the existing analog computer (described in Chapter III) as data. 
The required phase function was then taken as the trial phase function 
which yielded the desired far-field pattern from the computer. 
The computer solution for this problem is shown in Figure 13-
The antenna pattern recorder, on which this data was plotted, is designed 
to operate from a square-law detector. The output of the computer to the 
recorder is a voltage such that the ordinates of this curve must be 
doubled (on a graph linear in decibels) for comparison with experimen-
tal patterns. 
The dimensions, in wavelengths, of the resulting experimental 
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surface were found using "the -'Elliptic Intersection Method" which is 
described in Chapter IV. An I.B.M. 65O digital computer was programmed 
and utilized to facilitate these calculations. 
In Figure 15 a comparison between the ideal, calculated, and ex-
perimental radiation patterns for this antenna are given, 
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ELEVATION ANGLE. 9, IN HALF-POWER BEAMWIDTHS 
Figure 15. Comparison of Ideal, Calculated and Experimental 
Radiation Patterns. 
CHAPTER VI 
CONCLUSIONS AND DISCUSSION OP RESULT.S 
The work described in this thesis demonstrates the practicability 
of analog computer techniques in the solution of microwave antenna beam-
shaping problems„ Computers such as the cnes described in Chapter III 
are relatively inexpensive to construct and they are very simple to pro-
gram. Much costl;: machine shop work and experimental pattern range 
work is eliminated through their use in the determination of a surface 
to produce a desired shaped-beam pattern„ 
A study of Figure Ik reveals a variance, between the calculated 
and the experimental patterns3 of no more than 2 db over the shaped beam 
region. This maximum variation occurs at a level which is greater than 
30 db below the peak intensity of the beam. At this levels a 2-db varia-
tion represents an error of less than 0,04 per cent compared to the peak 
intensity. Accuracy of this kind Is more than sufficient for most 
problems. 
Most of the errors which are inherent in this method stem from 
the geometrical optics approximations which are madea The amplitude of 
the aperture illumination function is calculated as If the amplitude at 
a particular aperture point is due to energy contributions from a single 
point on the reflector, The reflector surface is obtained,, from, the 
phase of the aperture Illumination function^ by employing the "Elliptic 
Intersection Method" which assumes that the phase at each, aperture 
point; is due to a single point on the reflector. As previously pointed 
out, this is not rigorously true because the amplitude and phase of the 
energy at any aperture point is due to the summation of contributions 
from all portions of the reflector, It has been shown during the course 
of this work9 as indicated by the experimental results., that these errors 
are not appreciable in the microwave region. 
A P P E N D I C E S 
APPENDIX I 
FLUCTUATIONS IN THE SHAPED REGION OF A PATTERN 
Figure l6(a) depicts a microwave aperture with the amplitude and 
phase of its illumination function shown as a function of aperture posi-
tion <> It is evident3 from the phase plot^ that the lower portion of 
this aperture is utilized for "beam-shaping. In the following paragraphs 
it is shown that the magnitude of the fluctuations in the shaped region 
of the far-field radiation pattern from such an aperture is controlled 
by the amplitude of the illumination function near the upper extremity 
of the aperture. 
A typical Fraunhofer spiral for the energy at a far-field point 
P in a direction 0, Is shown in Figure l6(b). The spiral is composed 
of three general regions: the relatively straight central region^ the 
tightly spiraled end on the right, and the more loosely spiraled end 
on the left. The relatively straight central section of the spiral is 
due to that portion of the aperture from which energy arrives at the 
field point P with small differences in phase. It is obvious that 
this portion of the aperture is responsible for the major part of the 
resultant field magnitude at V . The tightly spiraled end on the right 
is the result of contributions from the remainder of the beam-shaping 
aperture. This portion of the curve is tightly wound because the 
relative phase of contributions from this area is changing rapidly as 
a result of the intentional phase variation which is inserted to 
y = a 
Phase 
y = -
Figure l6. Amplitude Fluctuations in the Shaped Region of a Pattern -p-ui 
k6 
accomplish beam-shaping. The more loosely spiraled end of the curve on 
the left is produced primarily by the constant phase portion of the 
aperture. The relative phase between contributions from this area is a 
result of the fact that field point P is not located on the aperture 
axis. The initial offset OC to the starting point of the spiral is due 
to the amplitude of the illumination function at the upper edge of the 
aperture; if this amplitude were zero, the curve should spiral in to the 
point 0. The resultant far-field amplitude, in the Q direction, is 
given by the phasor E connecting the points C and B. If the field is 
investigated for various values of the angle 6, it will be seen that 
the point C will describe a circular path about the point 0 as G varies. 
For the case shown, the points C and B are on opposite sides of the 
point 0; this orientation produces a maximum in the fluctuations in the 
shaped-pattern region. In some other far-field direction, such as 0„, 
the Fraunhofer spiral will appear as shown in Figure l6(c). It is seen 
that the relative phase of the contributions has changed such that the 
points C and B are now on the same side of the point 0; this orientation 
produces a minimum in the shaped pattern. A typical relationship between 
these two spirals and a far-field pattern is shown in Figure 16(d). 
The end point B of the tightly spiraled portion of the curve des-
cribes a circular path about its origin in the same manner as does the 
point C. However, this region of the curve is spiraled so tightly that 
the small change in relative location experienced by B has negligible 
effect on the pattern. Therefore it is seen that the amplitude OC of 
the illumination function at the upper aperture extremity controls the 
magnitude of the fluctuations in the shaped region of the pattern. 
APPENDIX II 
THE ELLIPTIC INTERSECTION GEOMETRY 
The Ellipse.--The polar equation of an ellipse Is (13) 
r(e) = - e p -, for o<e<l, (21) 
v / 1-e cos Q* * x ' 
where e is the eccentricity of the ellipse which is given by 
e = 2-0 (22) 
2a K J 
The parameters contained in these equations are illustrated in Figure 
17. The distance r(@)+r1 Is a constant (invariant with Q) and is the 
phase shift experienced by energy which is emitted at point 0 and arrives 
at point 0' after being reflected at the elliptical surface. This dis-
tance is always equal to 2a; thus, an ellipse, whose polar generator 
the distance r(0)+rj has any desired phase, is obtained when 
2a - 2f ± A* ^ ( 2 3 ) 
where 
f is the focal length of the parabolic surface to which the 
beam-shaping surface is attached, 
and A\jr is the phase variation In degrees required at the aperture 
point in question. 
The Intersection of Two Ellipses.--Consider the two intersecting ellip-
ses shown in Figure l8. Their focal points at the point 0 coincide 
Figure 17. The Elliptic Geometry 
-p-
03 
Figure 18. Two Intersect ing Ell ipses 
MD 
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whereas their remaining focal points are displaced from each other by an 
amount Ay. The equations of the two ellipses are 
elPl 
rAe) = 1^ ; " l-e1 cos 9± (2*0 
and 
epPp 
The ellipses intersect at four points; the point described by the small-
est positive value of the angle 9 (point D) is utilized here in obtain-
ing the required surface. 
At the point where the two curves intersect 
rx(e) = r2(0) = r(e), (26) 
and 
1 2 (27) 
Therefore 
elPl e2p2 
1-e cos 9 " 1-e cos 0* 
(28) 
or e1p1-e2e1p1cos 0 =
 e
2P2~
ele2P2COS 6 ^2^ 
and e1e2(p2-p1) cos 9 = e ^ - e . ^ , (30) 
which finally yields 
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egPg-elPl 
cos 0 = 7-——y . (31; 
e-Le2(p2-p1) 
The rectangular coordinates of the intersection point are 
x = r sin 0 and (32) 




1-e cos 0 ' 1-e cos 6 ' (3M 
and sin 6 = A/l - cos 0 . (35) 
Calculation of the intersection points is facilitated by rewriting 
Equation 31 as 
e2p2"elpl 
COS 9 = 7 r— 7 -r , (36) 
e-L(e2P2)-e2(e1p1) 
and observing from Figure 16 that 
r(0) + r(;r) = 2a (37) 
or 
£P_+ eE_= 2 a , Q, 
1-e + 1+e (38) 
and 




ep = a(l-e2). (̂ 0) 
Equation ̂ 0 makes the ep quantities and consequently the cos 0 term of 
Equation 36 relatively easy to calculate. 
The required microwave reflecting surface is obtained from a suc-
cession of such interesting ellipses (as described in Chapter IV") with 
the proper phase inserted into Equation 23. 
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